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ABSTPACT

C.leulstions perforned by Comvelr chow thut the veloeity cf <he stlas
ni.ssile exoeeds 19,500 ft/pec during the entise £1iglht path with comseguent
vevere gerodynamie hesting and loading dosign rrctlems., This (£ e rercri
of a study rerformed i the Maillaxatics lwssarch Eranch, Aercmauticyl lescareh
Jaboretor; on the fessidility of reducing velociiles im the demser portion
ot the etmosphere by speciel flight maneuveres of the missile whigh inerease
the (reg foree in the laam dense portioms of the atmoepiere. Caleulatians
are porfarmed to determine mcdificatione of the Capvalr trajectory resuliing
froo configuration and flight attitude changee. fmpulcte indicate that a

{icient volosity deorease may s attained providec “lhiat the angle of
att=cik ~f the missile can ba suitetly coatrollcd.

TUCLICATION FRVIEY

Thic report hae becn reviewed snd ie apnroved.

<LIZ

lanel, US¢ - LA
Chief, Lerunautieal Hesnareh Laborat
Dixrectorate of Fecearch
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Iniroduction

Convair® has studied, and is cantinuing to study, the problem of develop-
ing » leng range, hypersonis, offeasive migelle (atlas). Their stuiiee have
proimted then to adopt o eharp, lang, ccme-chaped miseile that is xocket
yrorelled only during the initisl stages of filght - the xipetic enexgy attaiaod
during this periodé being mere than sufficient to get the missile to the
target. 1Ibhe missile would follow a paralolic (ballistie) trajectory with the
axis of the nissile parallel in the velceity vectsr (the streamline attitude)
at gl tizes, reentering the utmospnere ati en angle of 3% from the local
horizontal, Under suel: ecnditions, caleulations made at Convalr indicste that,
if this acce coue wigelle Teenters the al'wsshere st an altitude cf 242,000
ft and with a velocity of 23,000 ft/sec, the velocity of the missile wlll be
reduced i eprroximately 20,000 {i/scc at the time the miscile reachae sesa
lgvel by the acrugymanic drag forces whiech the miessile exjericnees as 't
enters and pasces lhroggh the 8enser joriicaz of ile atmogphars.

Decause cf the high rmeeds (v 19,507 f£i/pec) there are large structural
loadings o the migsile, high temperatures and large temperature gradients on
the surface of the wisgile oand s comuoratively high rete of erosion of the
nuiselle surfrec; the wmaximum veliec o the terpergature, temperature gredient
and leading oce ring near eca level, approximeotely at the altitude of detonetim.
Tonvalr presently proposes a oomplicated trmsplration ecocling aysiem to
elleviate lle surface difficulties, 10 add more struciure for the loading, snd
1e add more insuwdetion Lo overcoise the eroclion problem. All of these solutions
add non-payload welght and/or edd cosplexities to the system.

The megnitudes of the aforementioned design protlems may be taken <o ba
indteatlve of the difficulty of toeir solution. Thus, Convalr's propoced
transpiration cooling system ic indicative of the ver: high surface terpera-
itures involved. If it were possible to heep this temmerature below a certain
level, waich would &till De considered e fairly high temperature, then the
addition of zore !nsulation might alec e a eolution, which le mech simpler
than the trasspiration cooling eysten solution. Also, Conveir's computations
indicate lhat the missile wculd experience a load of 25g's during the flight,
fuch decelerat.ons place very ¢ifficult decign requirenents on tie elactramic
ejuipment, and perhsps even on the payload. An upper limit to ine magnitude
of the loading exjerienced by the m'ssile wne set ot 15g's to esse thace
deaign rejuirementis.

The magnitudes of temperature, icading, eto are proporiicnal to the

produet of the gir Jensity at wissile altitude and the square cof the velooity

of the miegile. Thus these problemns become more critical at lower altitudes.

To ease thes: problems the velocity of the missile at these lower zltitudec

nust b2 reducad. If one Is to sirplify the proposed Conveir solutions and to

keep within the 15g loadlng llinit, the velocity at a lower altitude must bLe

less than the velocity computed by Convair at the corresponding altltude. Therefore,
@ siudy was btegun to detemine the feuwsibility of goitings 1-wer velocities in

1he denger porilons oi Lhe atmosphere.

#Convair, rroject Atlas Surmary Report, 7M-7-011 Jdam, 1952, Vols. I and II.
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CHAPTER 1
METHODE OF RECUCING VELOCITY OF MISSILE IN TERMINAL PRASE OF FLIGHT

®
One can reduce the initial veloeity of the missile so that the velocity
during the final stages iz lower, and theredy gain th: desired end. However,
the initial veloecity is determined by factars other than high loadings, kigh
tesperatures, etc. amd go the initial veloeity csmnot be altered appresiably.

A second method is to inerease the drsg at the higher altitudes, so that
lover decelerations ¥ill be experienced in the denser atmosphere. This method
d2pends on increasing thée drag area, at the higher aliftudes and thug increase
the decelsration at higher altitudes and bring adbout lewer velocitieu at the

lower altitudes. Several modificstions of the missiles flight history have
been treated.

(1) Permit the missile to tumble.

{2) Let the nissile and tank structure travel in a broadside attituds
until a certain lcad¢ limit hos been reached, whereupon the tank ig jettisaned
and the misasile continues in a streamline conditiom.

(3) Permit the section joining the missile to the tank stiructure (this
ssction has the shepe of & cone frustrum and is hereafter referred to as &
skirt) to travel with the misgile in a streemliue condition wuntil a certein
loading limit is reached, whereupon the skxirt is jettiscped and the missile
continuss in a etresmline conditien.

{4) In additicn to (3), one might similtaenecusly decrease the entrance
angle (angle between velocity vector amd horizcn) so that the increased drag
operates over a longer distance and hence a longer period of time.

(5) Use of the feot that the drag coefficient incresses with imcreas-
ing angle of attgck until it reaches a maximum at an engle of sttack of
approximstely 80° (See Fig. II). The missile would change its attitude, end
hence the drag force, in such a manner as to follow s preayrunged loading
schedule.

The criteria of success of a suggested method wore that the final veloeity

------ %t .

(veloeity at an altitude of epproximstely 4000 fi) be iess than or equal 1o
16,000 ft/sec end that the londing at no time be greater than 15g'a.

CHAPTER 11
COMPUTATIONS OF DRAG ON MISSILRE
Section A - Envirommenial Conditions snd Assumpiiona of the Compuiations

An envizcrmental condition that should be erphasised is ihe complote
leck of experimentsl date. All the computations dene are besed on theoretical

WADC TN WCRR-53-2 1
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results and epproximations. Therefore results o1 eowpitationg cen only ve
uced to guide the lines of investigetion. Onc sbould Inox at numerical
results aa only glving order of megnitude 'ntil sueh time ag ceriain easump-
tions are validated by experiment.

The configuration (geameiry) esouued for the operetional missile (nose-
cong-skirt coubinatian) ie given in Fig. I.

In comuictics, where the attitude of the miscile changes (i1.e, wher2
idea (5) is used) the following prearrunged loeding (angir of attack) schadule
war sepumed., The misalle-skizt combination enters ine aimceyhere ati an angle -~
ol atteck of SC° and continuce a2t this attitude until the load ie approximetely
24g's. Vhen thie load limit is reached, the angls of atteck changes so as tc
meintain tuis l4g logd lirity, When the strwamline ccndition is resched,
the s8kirt ie jJetiisoned. The ckirt ls detached at thie poini beesuse a 1oead
limit of 15g'c hae Leen imposed on the system by design restrieticas and
further ooatinputicr of thie miesile-skirt ccmbine in flight would result in
loadings higher than ihis limit.

The wathod whereby sueh an gtiltude-time history 1s gttained hss not
been considared. Il is anticipmied that, by controlling the position of the
cenwer of gravity, crie could cprroximate the assumed loading schedule,

The poesipility that the missile in a changing ettitude trajectory might
alsn rotsie mbcut the velocity vestor (nutsie) was considered. In that esse
the rotayy metion wae neglected in the derivation of the ecer>dymanie drag and
gerodynanlc ‘wment. Since the 1tational angular velocity was linmited to
10 v.p.m. br design resiricticns, it waes fell that the effeet aof such nutation
o these factors wovuld be minor.

In the case of a sireamline trajectory, it was asrumed that the okirt
would be Jettisoned when e loading 1'wit of 1ig's had been reached and that
then the miseile would continue ir ite {light in a streaxline position.

Two tyres of aerodynamies are used (1) Newitonian serodynamics, which
assumes that the aiy is & gas composed of discrete particles ané thni the
air'e drag is produced only by partiele collision end (Z) eontinuous eero-
dynanmlics whizh ussumes that the air is o continuous mediun and hence obeys
the lawe of conveantionsl aarodymamies. The effec: of angle of attlack cn
th? conveniional aercaymemnic drag coefiicient being wnlmown, it wes decided
to use the ratio of the eontinuous aerodynexis drag ccefficient for a sirean-
line condition at a speed of 20,00C 11/ree® 10 the eorresponding Newtonian
drag coefficient for a streamli.ine condition in order to coavert tle Newtanian
drag coefficlent vs engie of sattack curve to the contimious drag ccefficient
vs angle of stiaek curve (see lig. I1), Thue, if

*The eantinuous dreg coeffic.ent at 23,000 fi/cec is rmaller than the
continuous drag ccefficient at 23,000 ft/sec and hence the former was choocen
66 ae to ke able 1o brooket ths resulte.

WADC TN $LRn-53-2
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whare Cp is the symboi for the drog coefficient. " Thus, in fig. Il the lower

curve is odbteined merely Ly multiplying the higher ecurve Ly this cunstant
factor R.

Caleulaticns indicate that £ = 1/3. Bence, onc ney reduce the total
number of cumputetions necessary, by noting that %L s meincd is successtd
using the continucuc dreg coeffiecient, the mwthod will also be sueccascful
using the Newtoniun drag coefticient, cince i{he latter meanc a larper crag,
hence a greater deceleration, and hence a amaller final veloniily. Similerly,
if a method fails ueing the Newtonian dreg coefiicien:, the method willi also
fall ueing the continuous drag coefficiext.

Section B. - Method of Drag Laupuislisn
The expression* derived for the MNewtonian dr=g coefficient of e simple

cone, using the meximum clrecular croes sectionul area ms & basis is
Te O
(1)

Co) = -—"'-?s—iS (sine. sm9+<os«'|"m¢) de

where h = height of cone, ft. Z = nalt e:xgl* of cone
r = rediua of dbase, ft. . )

¢ 5in “(errtan Tedlany
o = angle of attack, .. ( an #), ny

If one sets a = sinxand b » cose tan Z, then

(2) Cp(at) __.cﬁ_i-j (a sm’6+3a"bsm‘6 3ob sune?b )de

Usin.g the formulae 6
fsinteag g0 o+ ; fantode: 82552 [sin0d0=-cos0

the drag coef{ficiuont may then be cvaluated as a chctim of the angln of
attack,

The missile-skirt combinatian, diagrammed in iig. I, ie not Just =
slmple eone. Therefore u mocifieation is Introudueed in order tc cltain‘'ine
Newtanian drag ooefficient of this cperational miseile,

#This expreseion is derived In Appendix A,
WADC TN WCRR-53-2 3
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., Let conc I be the nissile nose cone; cone 11 ide cone from wiich the
2xirt 1o derived; cone III the non. t™r~ remeins ef*er the skirt has becn
remcved from cone II. Cous I, IX, and II1 being r'mple cones, their drag
coefficients can be computed L, , Yazitg thelr respe .ve physical constants
(¢inensiona) in the ejuetio® for Cg (). From theee coefflicients, the dreg
force on cach cane may be determinec. The drag coef: iclent of the oporational
aigsile, diagrammed in Fig. 11, ic “hen obtained from ihe egquation

A At
2 Ae‘v' Co (o) = F;.s-f;,_ﬂ-&n
vhere A' = area of uUsse of ckirt -ft~;
= ¢ir densivy - e‘l.ugs/ftB; ¥

L drag force on cone I3
1i érag foree on cone 1I;
Vv = velocity of missila - ft/scc; -I ;7 = drug ferce oan cone 1I1I;
Op' = dreg coef{iclent of operaiionai

ailssile (cee Fig. 1I)

i}

Having the drag ccefficient as a2 function of o<, the drag force can then
te dotermined. The lifting foroe coes nct have an important Influcince agn the
tralectnry us fer as velocity ~ffecis ere uonceimed. ’

The cifferertial ejuations to be Iniegrated were o X=¥, and n zsF_ - ng
where by and I, are cauponects of the drag force, » and 2 are componen®s of the
accoleration, = is the maess of tie ojeretional misugile; end g ir the gravita-
tional constant. The detalle of the compuiamtiic: may be found in Appendix B.

ClAFTEX III
COMFUTATIONAL RESULYS AND DISCUSCICN UF RESULTS

Computetions were staried cn the first idea - that of permitting the
missile tc tumble. However, errorc maie in t'v derivalion renderel lie results
werthless. The reeults of such a t mbling calc:lntion would yield a finsl
velocity smaller Lhen that yielded by tus streznline trelectory - for the
streamline trajectory has minirem wetted area end i:ence nininm drag over
tte entire flight path, while tha tumbling by inereacing the 'wetied" area
would perm!t & grester ¢rag Lo be experienced at leest part cf the time,

Also, the results of such a tumbling computation would yield a final velocity
larger ithan that yielded ty uring the change-of-ait.tude-to-produce-a~
prearranged-loading-echedule idea (Zue~ (5)), for the latter has meximum

drag consistent w.th the definition os a cuccessful run, while the former

will have a emaller "w <ted’' ares p.esent at least part of the time and hence

a cmalier averege rag. Thus, the results of tumbling ere expected to be bracketed
above by ihe sircamline resulte zand belcw by the resulie of the changing attitude
trajectory. Therefore, caaputationson the turhblrg idea vere not renewed.

Computetions on U seecond idez - that of permitiing the miseile and tank
structure to travel .a a “voadside condiiion - wore performed, and the resulte
indicated that the idea i.ailed for the final velocity wes too high (v >
19,000 ft/sec).

The Computation Braneh of Flight Research Leboratory performed l.B.M.
eomputations on the following trajectories:

WADC TN UCRR-53-2 G
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(1) A atreomline trajectory of the cperational missile using
Newtonian aerodynamics with cn entrance angle of 23°.

(2), ‘The same as (1) except that an entrance angle of 14° was uoed.

(3) A changing atiltude trajlestory of the¢fperational missile
assuning the loading history previcusly discussed.

(4) The same ae (3) cxceut that continuous esrodynamics was used.
The numericel results of the computaticns ave sumserized in Tsble 1.(p. 2).

These results indicate that the streamline irajectories dc not yield e
sufficient velocity decrcase. Using a previous argument it ean be secn tiamt
a computation of & streamline trajeetary using continmucus acrodynamics would
also produce gn unsuccessiul run. The changing attitude trajectories, however,
do indicate sufficient velocity decreasee, evea though the succese of the run
using continuous sexodynamics (Case 4 of Table 1) is wmarginal. Here one could
inerease the margin of success hy using & shallower entreance angle sc that the

dreg operated over a longer pericd of time thus producing an evem larger
velocéity deorease.

One can also note thal in the ¢ase of the two clanging altitude trzjectories,
the final velocities differ by a ccaparatively emall amnunt (15,000 fi/see
as eompared to 14,000 ft/sec) while the drag coefficients used differ by a
factor of three. This would indicate that the finnl result is not eixongly
dependent on the dreg coefficieant. .

In Table I1I there is a tabula.ion of the angle of attecs vs time history
for e changing attitude trajectory using Newtonian asrodynanics and an entronc?
angle of 23°. If ome plots iho date, the shape of the curve is characteristic
of the assumed loading schedule.

Tine (soc) 0 16 19 2 21 i)

<32 24 <5

Angle of Attack &8C° 30O 8@ 62.5© 510 41.5% 33 30 .7.50 .0

Time (eec) 26 27 23 25 33 31 32 33 -

. Angle of Attack 17.0° 18 2@ 312.0°0 15,09 7,/@ <0 30 (0

Y

TABLE Il o

Since the loadings and ‘emnerutures experienced by tlie cperatfonal niesile
are proportional to ve¢ (by ascurnption), tleae prodlews have been reduced vy a
factor of about 5U%, by the reduction of tae veloeity from the original 23,000
to the final velocity of 15,500 ft/sec. How the ptoblem of surface erosion
wiild be affected ie unknown, tut proswumbly the rate of surface erosiocn would
be smaller.

WADC TN WCRR-53-2 7
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35
39

sec

8ec

Case (1) -

Altituds

340,000 fe
76,572
67,058

1,656

Case (2) -

340,000 ¥
72,486
66,030

2,080
Caoe (3) -
%+
340,000 £t
165,513

55,600
47,024
3,540

Case (4) -
340.000 £t
136, 266

37,9€4,

30,56%2
3,C37

SECRET,

o . e 8

Streamline Trajector: Newtonian d4rag coefticiant - Entrance
Angle of 23°

Yelooity laad ﬁnnnn&nanannixz Bamarks
23,000 ft/sec  1.00g's  4.167x10 “slugs/ft’

22,565 13.3 1.005x107% Skirt rejested
22,138 ) 1,52 1.597x1074

20,987 15.53 2.274x10™3

Stresnline Trajectory - Newtonian drag coefficient - Entrance
Angle of 14°

23,000 ft/sec  1.00g's 4. 167:10‘:.1uga/rt3

21,391 15.40 1.234x10” EXirt rejeeted
21,397 1.33 1 €Eax10™4 -
19,761 13.68 2 240%1073

Angle of attack ¢ es - Newtomian dreg ccetficient is used
Extrance engle of 23 .

23,000 ft/sec .95g's  4.167x10 Jslugs/f1°

21,762 12.1, 1.941x10° Change of angle
of attack beginss

15,388 1.2/ 2.704x1074 Skirt rejected

14,931 1.87 2,379x10"4

14,295 6.3 z 159x10~2

Angle of attack chnn;es - couventicnal drag coefficlent ieed.
Entrance angle 23°

23,00 ft/sec 398" 4.267%10" glugs/rt3

22,082 1.40 5.86x1070 - Change of angle
of atiack beg

16,506 14. 24 5.823%x1074 €kirt rejected

16,108 3.1 3.261x1074 :

15,49% 7.9/ 2.137x10°3 -

Summary of Kecults of Tralectory Computations

TABLE 1

#Prior to and including the time .ndicated the angle of attack has been held
Afterwvarde tle angle ui atiack begins t¢ change co as tn keep the
rrearranged loading schedule slreag; discuseac,

constant .
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CRAVTER 1V
DISCUSSION QI CUNTROL Cr ANGLE O ATTACK
Zeetion A - The Aerodynamic Maeot

Success{ul rwma thogrevieally can be achieved provided thet there i the
ability to control tre unple of attack, In a cease, therefure, the problens
meutioned crigirelly bave been replaced by ithe single "roblevoi conirol. Hote
that thls does not meen that loading and Temperaiure probleuw ere complietcly
renoved, but that they are reduced.

Since the problem cf conirolling the angle of aiuiucl: can oniy Le rolved
:f woeh nmore deeign deta, ao e.g the we: f‘t gistribitiva, is gveilable, conly
ge.}eral or crder of mgmcude statements about thic problom will be made 'n
h.t report.  decsuse of his fael many sgsumpticns and simrlificai.ong + 1%
be made,

Tahe acrodynamic moment, waich tende o streamiine the agi-ituéde of the
cperat_onal missglle, i3 a var® cl th.g comircl pretlem J sitsioiaycarpote-
1lu ot this moment for s cone o° an aagle of aitack of SU° wag mide' “Thlis
tpnadside conldition war uced beccuse (1) e caipuiation wrs sl lifled and
(<) the compited moment for this condlticn wedld Le close ic the -a&: lauw value
of ile aerogynan.c moment, as vas ‘r.e for the drapy cceffic’eatr. &nd (3)
cnl; corder of negnitude resiits were of interest

Rewtonien aerodymsinice o uged ¢ econpate thus serodyncnasce :'.c‘x;cnt. Tc
compute the moment, M, for & siiple cone, ot haS 1o comy'te j[‘?.c?';._] do.
where the integrotion is pertormed over the “wetted” surface srea ol the cane,
¥ is a vector from the center of sctation to the surface arce eleqzut di, and
fag 15 the force on a curface area eleoent.

Now -I;’I.= My . Mj’ \T’ + M, +’

From the s,Tmelry propertics of the cone

My = Mg =0
T]” f y L — .
T e M7 M, j[;-‘. 5«]',d¢=j[5'("§o.),." z (’;.)5Jd°~

- L —>
where _q’, g, (@,), and (";.,). are aompononts ef r axd an
resyectively. Using the geanetry;, and nctingy the 2'-2-2, ans thet

R=(h-&) Tand  cne cbtasns the following:#
_ z, " . z,
M= L ovt [-sintb tand § (n-2ldz + sind s [ “(e-rih-2)de]

h a ;
+§_€”_x [_3‘-“1+ fand J;. (h-2) dz + Sindcosé S:o(:- 2o) (h-z)dz]

#The derivstion of this expression een e found in Aupendix C.

WADG TN ¥ CRR-53-2 G
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where tie convention that o tory:e .r-ducing a counterclockwice rotuticn hes

b positive cign: has been udcrted and where 2, 1z ihe distence from the base
of the ccne to the ancumed center of rotetina,

Arain medifieniione ere made beocsune L@ Speratioael wui.ecile iz not Just F

- -
@ glrpie ccne. The reeults cbiwminad for various centers of rotation mre
lisien below:

£
~

% Seiutden Licboace Lrom base of {ixi /oxadimamic Moment :

o _ Z 2 t
Cea'er cf Cravity A -124‘,f v :
J action of fkire 156" -459 () ve
and Lone
Cenver of rreosire R 4]
fection o ~ Licgglon of ag: Wil woricala®
1t Los boon ciatud previously At the ~ossitllity that Lhe nissile would
have a »uoetional velocity would Le cunsicdered. el i veloeity has an
asgcecinled cen rlieval force. Jne compeactt of this feree sroduces 3 centri-
petel 1esioring woment, wheee meynivud? Tt wiIke wLuere % le Lie rate of i
nite* on in rodiangsece and I, is toe jrocdict of ‘resiia.  In compliing ng,
the oweretional alcu!ls was relaced Tty ¢ unmitor 80lic cane h2ving the saae
weight, same helt wnrie as the migsile, and naving @ center of gravity wrose
dicienee fyom the 12p ol tne cone I~ e s us e distane:s between the
cester ol graviiy ond 2pes ol ihe opesetional osiuc:le, 1w Pip. I ihe length
of this sibgiitete come s andicsted.
z \ Z
\ .
P X= & Cosoc+ 2 Jino<
) \ *
\
\ N :
/ iz X JeNnoctZ cod
£

‘xes FoOr eteraining ly, g
»The asercd uemic .omit for O<w = 3{ teuds to deerease € (engle

of atianck). £ restor.ing women: s oue tending ic incretse ¢ .
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The product of insrtia ie then jXZfdn? -ﬂfxz dv '

wvhare ,5 is the dengity of the unifora coune and the integratiom ‘s perforzmed
over the volume of this uniform come. The coordinates (X,2) and the!r relstion-
ahip to the body coordinates of e mass point of the cone ere defined in the
Giagran. The conter af the body coordinate system ¢ taken to be the center

of rotation. The y coordinstes in the two oystems i.e., y and Y, are not
indicated for they wre the gsame, i.¢ y - Y.

Forw = 10 r.p.m., the limiting nutationel cng'.%ar velooity, the restor-
ing mament has a mgnit.."n of 1552 sin o< (elug ft<), where the center of
rotation has been taken to bde the center of gravity und whereoc is the arngle
of a/ttack.

Arother foree tending to produce a torgque which intreases the angle of
atiack ls the inertial force i.e. the reaction te the dreag force. The magnituds
of this tgrce 1 Mal; M .s the mass of the cone .n slugs; a is the deoceleration
in ft/eec<; and 1 is the perpendicular distance, in feet, between the center
of mutl.:n and the center of grevity. The center of rotation shall be teken
10 be the center of greviiy throughout the flight. HRernee, this turque das
zeTo pagnitude.

It might be that the center of rotation does not soincide with the .enter
of grevity throughout the flight, dbut thie possibility shell bLe ignored in
view of tke polisy of finding the order of megn:*tude of desired reeulits.

As an example Of these order of magnitude results thet can be esttained,
ccasider the following: let the migsiie bave an angle of aitack of P ahd a
nutating angular velocity of 13 r.p.m. The center of rotation is taken to be
the ¢enter of grevity. Assing thst thc acrodynmic moment for the oJ° and
90° angles of attack ere nearly eqal, (in t}s mame of order of magniiude campu-
talions), the aerodynanic acment ¢ 121.5(2 vﬁo{or this &° ugglc of at cck
The restoring moment, ie then 531 slug/ft“. Agsuding that ve~r$ x 1
frr tle serodynamic moment to baluus the restoring nomenti, 1245 x 5 x .0'3:

53 arp = 8.5 x 10710 slugs/ft Thls density eorreepomds ‘o an altitude
of approximately 390,000 f¢. ‘

Even though thie celeulstion is extremely rough, it indicatee that, for
the major part of tha terminal portion of the flight, the restoring moment
would b9 less than the serodynemic moment and henoce moy be used to '« L cunrol
the ang'e of attack.

CHAPTER V
CONCLUSIONS

Tae computations discussed im this report are besed on theoretical

resulte and approximations, so that results can only be used to guide the

lines cf investigation. The report is to be considered eas the initisl phase
of the study of the feesibility of redueing tie velooity of the missile still

WALC 7Y ¥CRR-53-2 11
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further by having the missile experience highu' feg in less dence ;<riians
of the atmesphere. Tle resultin of the cumputiclons discusgud in thig pepom
geen t¢ ndieste that tle desiyed result can be attalned cmd henco further

investigation ¢f the prmblen shold procced.
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APPENDIX £
DERIVATION OF DRAG }ORCE ZGUal .

The missilo g assumed to Ve stoviding still wi* e eir molecules all
having @ veloclity egusl and oprosite tc the veicel  :etor of the miseile.
It i assumed thet (1) the elenent of ferce acting o “he zissile is the time
rute of ohange of mamentum aleng the normal to o.e surfuce erei clement and
(2) each rmclecule colliding with the micsile has it=s direction altered so
that ils new volocity vector liea iu the plane tangeat to the sirface et the
point of ccllision. Ir comsequencc of these two essumptions anly the nornal oo
of the iritisl veloelty vector need be considered in the gerivatiom.

If ¥ isc tle engle between the plune perpendiculear tc the velocity veetor
and the noruml to the surface, tken V sin ¥ is the component of velccity
along thie normal. rurthermore, the urojecticn of thie normel comucnent cato
ihe originul velociily vector is the only cowponent coniributing tc the drsg
force. This projection has magaitude v sm*Y | If M i5 the mace dclivered
per wnit time on a surface area elcreat, de, thea M ysm*Y 1s the
drag force, Fa,, On such an area clement. The angle ¢ Is rnow to be deternined
ac & funcilon of angle of aittack and poelition of ihe area element.

Coasider Figure 4A-1. In it the lines (5,10), (¢,11), (5,12) and (3,4)
are parallel. Also the lines (5,¢) and (11,12) are parallel. The calculu¥lor
of ‘“ as & funetion of &« and © ean novw proceed, where ot + <’=M/p , o
being the angle of atteck.

LN ¥}

Iet the distance between two poinis, p mnd 3, be denoted by &(y,q).
in partieulexr let d(1,2)=h, h being the aititde ~ ..e cone. MNow

sin Y = 9(s,6
. d(a,0)
First d{(5,6) ic determined:

d(s5,0) = d(11a) = d(u,nm covnt! = ces! [0 4) -4 (f‘:”)]
. = cese¢’ [hfmu'-d (B,S)va\ 6]-: Co . '_ fqn&'-hfm¢s|'n 9]

Hext d(2,%) is determined: ‘
d(2,¢) =hsecqd tan(¥-9) = hsec¢ tan ,.,;_" T:i
(+f¢1n"v'.—1n4’

-But, Tan,':d(?hgl = d(‘bﬁ) ¢scg = Yonx'e .6

h h
or d(,0)= hsecé ton'cscO-tamd = = -hf,,\,(’-s.ne +’Un,4>
' Vttanw‘csc@tang 5in@ + tamx'tand

therefore Sin = d(sL) - Cos o« (610D + +a“q.+m¢)
d (1)) secd
WADC TN Y/CRR-53-2 13
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oy finally
sw'? = cos¢ (cose! sin O+ tand sined’

To determine the mics trarsfer on the ‘risngular area elemest whose
ceater line is (1,8), one multiplies the camponent oi velccity along the
aormal to tho surface, ihe area of the trizngler element, awxi the sir
density at the altitude of the micuile i.c.

Mo = p‘v'sfn Y dA = F?}-sin ‘fﬁ— hsecir do
The element of force, Fj,, it then
Faa= TPV hrsecd sin®Pd6

Subst ituting ihe derived expreesion for sin P iro i da 00 bug for the element
of drag foree.

Fae = P‘& hrsecd cos® (cosa’sin 6+ Soh-c"f‘an¢)
Hence the tctal foree in

W+e
L~ £ hr cos™ o j (ws-< sim @ + sin'tand) *d®
wvhere GL is a l.miting .mg.xe ené is gilven Uy the eju=tion Sin 6 =Tana' "’an¢>

To rrove this equetion, comsider ligure i=2. The point [ blsects the lire AB.
which 18 drawn from A psrallel to the velocity vector V. & line is drawm
from the apex of the cone in F ané then extended mtil it intercecte the

base. Then t is the dicctance fron tkis peint of Intersecticon to the center

of the base; h is tre height of the coney r ie the radius of the bvace; ¥ ie
the half angle; ®¢' .5 the angle thai the jlane rerpendieular to the veloeity
vector me¥es with the axis of symetyy of ine cone; and €@ is the aengle between
the gyroetry exis of the ccne and the line joining the upex and b.

Txe proof then folloes:

m_ _ _ar = 2r sina’
D S " es@ ) = cos@-$)

cps 'y
sing cos (=~ ¢)
() e oSind o g sonehhd)

(z) q= hsecd-m= rcindsecd-m=r

% Cos ' (oSex cos(« 4’)
(osi 2r cos
(4) Jr cos (o ¢) (oS(al $)

rsine'sing
Cosw' cos (™)

(5) u=%-k =

WADC TN ¥CRR-53-2 14

QLR

(V3 !.‘\J [



YA "‘"
- o -

(6) | == !‘Tow\ot'

(7) h-1=r (C‘Tn4>—+ana(.')

L 2 . - .2
Cos.(et'+ 6") Rw S . Y coS Pcos-Sin 4SM°‘
° (’i = = osa'ctne - sinae = 4 e
h -1 w Sinee ‘sin +

. X ol _ 4
(11) S'"eu:?—i.:%;;* +OV\¢*&V\¢

Trie completes the proof.

If o is the angle of a'tuck, noting thar ol + & ':% :
P 3 2 e 9
ov _pov: heos?d o . 3
2 C’D(x) - 2 Trr & (Sinoz;ln@w cosa—fan¢) de
= (8

wnere

el..: sin-' (c‘fnoz +o.n-¢)

VADC TN wCr&i~53-2 1
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GRGMETEY FCR DETERMINING .

Figure A-1

CEUMETRY FOR DETEAMINING sin O =
Fnsovc A-2
16
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Radies °S Base of Cone..
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APPENDIX B
DETAILS OF TRAJECTQEX COMPUTATIONS

Now, since tke drag force for any angle of attack cen vec determined, one
cen determine the deceleration at any time. Integrating the deceleratian
yields the veloeity and & scoond integration yields the position. The veelor
differential equation ic numerically integrnted in copponent tom These
component equations are

mi = F, mz=FR-mg
wshere the (X,2) are compunents of scoeleration; (F v ¥, ) are componante of the
drag force, each being given the proper sigyg, m is the®mass of the eonc; and
g 1s the zravitatmnal congtent 32.Z ft/sec<. Since ike only coordine.e of
interest is the altitude of the mlsgile, only the equation in 2 is Integraied
twice.

A tine difference, t,, ie assumed for the numerical Integraiion -~ for the
computations diseussed in this report i was taken to be 1 gecond. The Initial
conditions taken are v, = 23,000 ft/sec; o = (23°;1/.°); 2, = 340,006 ft; ,

Xy = 0; and & =o( ., This implies that the Initlal velocity coumponents ¥
and %, are x, = Vv, cos 7. and 2, = v, sin 7Z¢, . The couputation now gyroceeds:
ok
(1) Compute vV, = X, v Eo
. 2 [y g
= -5:- f) (%o z‘of-'-g-) v, A Co (t,)

(3) Compute ’7, = Fom £}~

(-]

(4) Compute (F ) (_os 70 3 (F::). = F; sin %o
(3) Compute X = (Fi,): 5 20 :i_ Bro):" m

(2) Compute

(6) Compute loading in g's = 'o T L-\;. " 3‘3.
el
(E) Compute X x+ X‘t,'
(9) Compute z_%+z{ g%ﬁ~
V

(10) Compute

(7) Compute 2‘

'I

xn i zl
(1) Coprte - (2,05 5) Y A ()

The stages {2) thyough (v) are then repeated for the second (snd later)
time intervels. The jroblen is thea to determine C,(x,) vwhere m [u &
running index. (The computations eni when zn eititi dc of edoat 4,00 feer
has teeu reecched.) In ithe esse of u sirealine irajectory Cp'(ol,)-_—cp'(qo)z (','(0)

WADC TN VCHR-53-2 17
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for 8ll N . In the casc of s changing stiltude tyajectory the nuximur value
of Cp(wx) was ueed until a load limit of 14g's had been reachted. At this
point ihe eonypuiavions mre modified. The dreg force, F, was lhen assumed
te rave & conetant valug, F,, so that the lcald woe close o nut less than the
15g loed limit. Kacwing #5,etc.. then

!
C° (dﬂ) < F.c.‘ a ¢
e (m Al v A
wae tomputed. The correeponding e, was then coterndned frow ile praph of
Cp' ve & | Tuic could be done easiiy since, for Otewsald3®, C,;'

ic a monoteonicalily irereasing functlon of &= . The veluc: ofoe liztec in
Teble II for 1219 were ceterrined in such a nanner.

Cuppoee that at t = nty, the loacing 1s abour 14g's l.e
\ > 2. se F
2z [t &]h = 0o

Compite 2, " K s Zwes s
(1) @f (tnr) = e :
TeE A, VLA
(2) (F;)." = Ec.',-){.". whars_ an = tan’ —1
xﬂ’l

}

(3) (f-;)." = F; sn 7”,
(4) Ky = Fia.,
m

) &, =3k G, -mg]

Tris sample cf the calculations illustrotes the procedure wihich was used.

r\
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APPINDIX C

DERIVATION OF MOMENT ABOUT A LINE (ERPDILZCULAR s
THE AXIS OF SYMMETHY, ANCLE (¥ ATTACK (i ¢P

let the coordinate eystem fixed in the ecne be (=', ;', 2') axeq
respeetively, ae chown in,k‘igure Cc-1.

4

Cooxdlunte fxee In Moment Caleulintion
Figure €-1
Let (I', J', k') be unit vectors n the (x', y', ') directions reupectivel:.
A vector T can-then be written as  __
fg’:.x’f"«& of/ fé,’ £’
let T be a wmit vector, noraml to the nurfece mnking er angilc Y wiinoine
(x',z') plane and let the profeeifen ¢f thls veetor cnte the (x',2') plane
make an engle O° wiil: ile x axis, lote t.al the (x',2") riane {e in this
case the planc perpendicular to 4 |, e veloelty veciur. Now
-by . - = $
Nz covf o i + Ay -a"" cow Yaino R

Iat a point on the surface of the cone be givea by the coordinates
(»',7',2'). The cone ig now sliced invo cirevlar clements Ly vlenes par:liel

tc the basa ¢of the cone. The radfus of +he efrcular elamert on w-:ch .1
point (x',y',2') appears is glren by

A.sy/'t”?y"' = (—ﬁ—? ‘) ‘/W4

where @ is the half angle of the cone.

H i

let the point (x',y',2') be the center of nu arce cleuent do ehler e
obtained by dividing the cirealar elemcnis furiher oy ang.lar subdivie ons.

If @ Is tse augla shigh the radiel vecior,in the plane z' = eonswnt, o
da, the arca element, makez with the x' axis, tfwen tan o = y_;
%

YADC TN WCRR-53-2 19
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Lot Cbe the angle between the x' axis and the projection of the norraml
to da onto the (x',z') plame. The angle 6~ is now to be determined. In

Filg. C--, r and b 1le in the plane cf the circular cross section and hence
Also note that b = r cous 8.

are perrendicular tc the z!' axis,

CPOMETRY }OK DETERMINING O
Flgue C-2
The angle between T and -n’, by prorerties of a eone, is Z. In right

“riangle DEC, ¢ = 1 tan Z. In right triangle ABC, it ic sren that
Tono = JE- = sec OTang

The lengih of the line AC is given by the express.on:

JAC) = Ycz . p% = JL(Cos"Qo Tan*d

Feace
bl.nd_,:'tand’ — ) C0Sa~ = — cose
% Yeos®0 + Ton*é {Z)SLe-f Tdn*P
By Aprendix A,
sn¥ 50O cosp Jora=1x

Then the unit vector nomal to the surface, n, may be writtent
i 1/- sin*0 cos*P
n —

ces O l—'. + 38 con ‘Pgr + Y/-sin*fcos’ ¢ ‘f‘amxt’ “E.?
Y cos™@ + Tan’d Yeos* 6+ Tan*pp
WADC TN YICRR-53-2 20
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This expression may te simplifled:

B g 2 E 3 2.
|- sin@ COS"* = /-—cosl¢ + co:‘ecos'¢= Sin ¢*(°’ @ cos 4’
= cos®¢ (7ans+ cos*6)
the expressicn for n them becomes:

-t . — s
ns= Cos&cote ¢+ co;‘f sin 8 é’ + sm¢ '
Now the ment about the x' exis can be computed:

(M..). = z(F),, —'3(F')

The element of force ‘d 5 aet‘ng on the ares olenent da, is 1'e change in
nonantum per umit time dlong the normal to da. Vaen a twlecule sirikes da,

i1 ie assumed that (1) the coumpoment cf the nolesule's mczenium in the
direction of n, the inward drawn ncrmel to the surface of the cone et the
point of eollision, is transferred to the body, and (2) the direction of
transfer is ulong n. The magnitude of tre mopentum trenefer for one oolscular
ccllision is m' v sinP and in direction T, wheie ' [7 the tass of & molesule.

Therefore Fy, =Vsin ‘PH n, where A, agau ls the nmolecular mass dellvery

per uiit tiwe on 3& Then Ho = v‘(da) wpere (du)' 1e the projlection

of da oatn the (x',z') plane ~ a umu normal to the velcelty vactcr of the

caie. Now (da)'= _n cie PO de’ (see }ig. (-4 and C~5).
Thus % ’

rv *cosp n sin*6dOdz’' M
=‘p'v *sind 5in*6d6 (h-2’ )dz’

The components of L., ere:
(F;'q.)aél 2 {01"""”¢ C05¢ sin’6d 6 (h_zl)dtl

(Ga)y, = po*50n¢ sin'€@d6 (h-2)de’

v

/I

1/( >‘ \

Az
COMPUNINT o} VELOCITY DETERMINING AREA CI AREA ELEMINT
" TRANSH ERFED ALONG NCRMAL
Fig. C-3 tig. ¢4
WADC TN WCRR-53-2 2
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3‘(@03: PV‘—SMQ cosd sin2040 z'(h-2')d2’

3'(?"‘)‘,:-)«..55"19(5&)‘, = (JVLSI.'!‘¢+G.A¢ sin’0dQ (K-2')dz="’
Integreting with reoect to €

M,. %evl[sm ‘¢ tang _S (h-2')*d2' + si\nd cosq 5; (h- 2')da]
f‘{;' ev [~sm ¢+an¢—g—+ singé cosd;—z,—--]

2(—:;'- e'v'" k353n¢ cos @ ]:l— 170.:\"4)]

The conventicr icr sign that sh:ll be adopted here is that a torque
rroducing a counterclockwiee ixtion is positive

If e origin ls in the ntericr of the eone, Lhen tle cusputation again
has Lo be sliglily mogified

by’ /7”

» 2,

>~z

CECMETHY FOI DEITICLONING 5AENT “ITH GENERAL
rL.FJTXC“ LA bﬁm ‘vf IJaT:\TIUH

Fig. (-5

Hote that the eaniributicn 1o tre roment cf (2! Bc) (fda)y' changes sign
when ' becomes greater chen g,.

The rerminder of the comp:tation ls then fairly straightfom
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Attn: Mr. E. S. Browmn, Adm. Engr.
Fort Worth Division
Fort Worth 1, Texas

Douglas Aircraft Corporaticn, Ine.
Attn: lLidbrarian

Santa Monice, California

Fairchild Engine and Alrcraft Corp.
Pilot ieso Plane Diviaion
Farmingdale, Long Island, N. Y.
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Cop

Glern L. Martin Company
Beltimore, Meryland

Hughes Aireraft Corporation

‘Division of Hughes Tocol Company

Attn: Librarian
Florence Avenue ard Tesle Street
Culver City, Californias

Kirklend Air Foroce Base
Attn: Major R. E. Ccllier
Albuquerque, New Mexieo

loekheed Aircraft Corporation
Fastory A, P.0O. Box 551
Attn: Librarian

Burbank, Caligtrnia

MoDonnell Aircraft Corporation
Attn: Librarisa
St. Louis 21, Missouri

North Ameriecan Aviation, Inc.
los Angeles Intermational Airport
los Angeles 45, California

Northrop Aireraft, Ine.
Attn: Librerisn .
Hawthorne, California

Office, Chief of Ordnanoce
Department of the Army
Attn: CRDIR

Washington 25, D. C.

Republic Aviation Corporation
Farmingdale, long Island, New York

Reseaxrch and Development Division
Assigtant Chief of Staff, G-4
Departpent of the Army

Attn: Development Branch

Washington 25, D. C.
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